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The exact holographic mapping (EHM) provides an explicit duality map between a conformal
field theory (CFT) configuration and a massive field propagating on an emergent classical geometry.
However, designing the optimal holographic mapping is challenging. Here we introduce the neural
network renormalization group as a universal approach to design generic EHM for interacting field
theories. Given a field theory action, we train a flow-based hierarchical deep generative neural
network to reproduce the boundary field ensemble from uncorrelated bulk field fluctuations. In this
way, the neural network develops the optimal renormalization group transformations. Using the
machine-designed EHM to map the CFT back to a bulk effective action, we determine the bulk
geodesic distance from the residual mutual information. We apply this approach to the complex
φ4 theory in two-dimensional Euclidian spacetime in its critical phase, and show that the emergent
bulk geometry matches the three-dimensional hyperbolic geometry.
PACS numbers: 05.10.Cc, 11.25.Hf, 04.62.+v
I. INTRODUCTION
The holographic duality, also known as the anti-de-
Sitter space and conformal field theory correspondence
(AdS/CFT) [1–4], is a duality between a CFT on a flat
boundary and a gravitational theory in the AdS bulk
with one higher dimension. It is intrinsically related to
the renormalization group (RG) flow [5–11] of the bound-
ary quantum field theory, since the dilation transforma-
tion, as a part of the conformal group, naturally corre-
sponds to the coarse-graining procedure in the RG flow.
The extra dimension emergent in the holographic bulk
can be interpreted as the RG scale. In the traditional
real-space RG [12], the coarse-graining procedure deci-
mates irrelevant degrees of freedom along the RG flow,
therefore the RG transformation is irreversible due to
the information loss. However, if the decimated degrees
of freedom are collected and hosted in the bulk, the RG
transformation becomes a bijective map between the de-
grees of freedom on the CFT boundary and the degrees of
freedom in the AdS bulk. Such mappings, generated by
information-preserving RG transforms, are called exact
holographic mappings (EHM) [13–15], which were first
formulated for free fermion CFT. Similar idea was also
implemented by multiscale entanglement renormalization
ansatz (MERA) [16, 17] as a hierarchical quantum cir-
cuit to simulate quantum state, as well as many of its
generalizations [18–28]. Under the EHM, the boundary
features of a quantum field theory of different scales are
mapped to different depths in the bulk, and vice versa.
The field variable deep in the bulk represents the over-
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all or infrared (IR) feature, while the variable close to
the boundary controls the detailed or ultraviolet (UV)
feature. Such a hierarchical arrangement of information
is often observed in deep neural networks, particularly
in convolutional neural networks (CNN) [29]. The simi-
larity between renormalization group and deep learning
has been discussed in several works [30–35]. Deep learn-
ing techniques have also been applied to construct the
optimal RG transformations [36, 37] and to uncover the
holographic geometry [38–41].
In this work, we further explore the possibility of de-
signing the EHM for interacting quantum field theo-
ries using deep learning approaches. We first point out
that the information-preserving RG and deep generative
model can be unified as the forward and backward appli-
cation of the EHM, designing a good RG scheme is equiv-
alent to training an optimal generative model to produce
field configurations following the Boltzmann weight. We
then propose that the information theoretical goal for a
good EHM is to minimize the mutual information in the
holographic bulk, which serves as a guiding principle for
the machine to design RG rules. Bases on these under-
standings, we construct a flow-based hierarchical genera-
tive model [42, 43] with tractable and differentiable like-
lihood, which allows us to apply deep learning techniques
to train the optimal EHM directly from the field theory
action on the holographic boundary. We show that the
fluctuation of neural network parameters corresponds to
the gravitational fluctuation in the holographic bulk, and
optimizing these parameters resembles searching for a
classical geometry approximation. The machine-learned
holographic mapping can be used to perform both the
sampling task (mapping from bulk to boundary) and the
inference task (mapping from boundary to bulk), provid-
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2ing us new tools to study both the boundary and the
bulk theories. For the sampling task, we run the genera-
tive model to propose efficient global-update for bound-
ary field configurations, which helps to boost the Monte
Carlo simulation of the CFT. In the inference task, we
push the boundary field theory to the bulk and estab-
lish the bulk effective theory, which enables us to probe
the emergent dual geometry (on the classical level) by
measuring the mutual information in bulk field.
II. RENORMALIZATION GROUP AND
GENERATIVE MODEL
Renormalization group (RG) plays a central role in the
study of quantum field theory (QFT) and many body
physics. The RG transformation progressively coarse-
grains the field configuration to extract relevant features.
The coarse-graining rules (or the RG schemes) are gener-
ally model-dependent and requires human design. Take
the real-space RG[12] for example: for a ferromagnetic
Ising model, the RG rule should progressively extract
the uniform spin components as the most relevant fea-
ture; however for an antiferromagnetic Ising model, the
staggered spin components should be extracted instead;
if the spin couplings are randomly distributed on the lat-
tice, the RG rule can be more complicated. When it
comes to the momentum-space RG[44], the rule becomes
to renormalize the low-energy degrees of freedom by in-
tegrating out the high-energy degrees of freedom. What
is the general designing principle behind all these seemly
different RG schemes? Can a machine learns to design
the optimal RG scheme based on the model action?
(a) Renormalization
RG scale
UV IR
decimated irrelevant features ...
(b) Generation
inverse
RG scale
UVIR
ζ (x, z0) ζ (x, z1) ζ (x, z2) ϕ (x)
boundary fieldbulk field
1
FIG. 1. Relation between (a) RG and (b) generative model.
The inverse RG can be viewed as a generative model that
generates the ensemble of field configurations from random
sources. The random sources can are supplied at different
RG scales (coordinated by z), which can be viewed as a field
ζ(x, z) living in the holographic bulk with one more dimen-
sion. The original field φ(x) will be generated on the holo-
graphic boundary.
With these questions in mind, we take a closer look
at the RG procedure in a lattice field theory setting. In
the traditional RG approach, the RG transformation is
invertible due to the information loss at each RG step
when the irrelevant features are decimated, as illustrated
in Fig. 1(a). However, if the decimated features are kept
at each RG scale, the RG transformation can be inverted.
Under the inverse RG flow, the decimated degrees of free-
dom ζ(x, z) are supplied to each layer (step) of the inverse
RG transformation, such that the field configuration φ(x)
can be regenerated, as shown in Fig. 1(b). Here we as-
sume that the φ(x) field is defined in a flat Euclidean
spacetime coordinated by x = (x1, x2, · · · ) ∈ Rd, then
ζ(x, z) will live on a manifold with one higher dimen-
sion, and the extra dimension z corresponds to the RG
scale. Given its close analogy to the holographic duality,
we may view ζ(x, z) as the field in the holographic bulk
and φ(x) as the field on the holographic boundary. The
inverse RG can be considered as a deep generative model
G, which organizes the bulk field ζ(x, z) to generate the
boundary field φ(x),
φ(x) = G[ζ(x, z)]. (1)
The renormalization G−1 and generation G procedures
are thus unified as the forward and backward maps of a
bijective (invertible) map between the boundary and the
bulk, known as the EHM.[13, 14]
At the first glance, such an information-preserving RG
does not seem to have much practical use, because it does
not reduce the degrees of freedom and hence does not
simplify our description. However, since the bulk field
ζ(x, z) represents the irrelevant feature to be decimated
under RG, it should look like independent random noise,
which contains minimal amount of information. So in-
stead of memorizing the bulk field configuration ζ(x, z) at
each RG scale for reconstruction purpose, we can simply
sample ζ(x, z) from uncorrelated (or weakly correlated)
random source and serve them to the inverse RG trans-
formation. Suppose the bulk field ζ(x, z) is drawn from a
prior distribution Pprior[ζ], the transformation φ = G[ζ]
will deform the prior distribution to a posterior distribu-
tion Ppost[φ] for the boundary field φ(x),
Ppost[φ] = Pprior[ζ]
∣∣∣ det(δG[ζ]
δζ
)∣∣∣−1, (2)
where |det(δζG)|−1 is the Jacobian determinant of trans-
formation. In such manner, the objective of the inverse
RG is not to reconstruct a particular original field config-
uration, but to generate an ensemble of field configura-
tions φ(x), whose probability distribution Ppost[φ] should
better match the Boltzmann distribution
Ptarget[φ] = e
−SQFT[φ]/ZQFT (3)
specified by the action functional SQFT[φ(x)] of the
boundary field theory, where ZQFT =
∑
[φ] e
−SQFT[φ] de-
notes the partition function.
3This setup provides us a theoretical framework to dis-
cuss the designing principles of a good RG scheme. We
propose two objectives for a good RG scheme (or EHM):
the RG transformation should aim at decimating irrel-
evant features and preserving relevant features, and the
inverse RG must aim at generating field configurations
matching the target field theory distribution Ptarget[φ] in
Eq. (3). An information theoretic criterion for “irrele-
vant” features is that they should have minimal mutual
information, so the prior distribution Pprior[ζ] should be
chosen to minimize the mutual information between bulk
fields at different points, i.e. min I(ζ(x, z) : ζ(x′, z′)). We
will refer to this designing principle as the minimal bulk
mutual information (minBMI) principle, which is a gen-
eral information theoretic principle behind different RG
schemes and is independent of the notion of field pattern
or energy scale. The close relation between RG and deep
learning has been thoroughly discussed in several early
works[31, 33, 34]. However, as pointed out in Ref. 37 and
45, the hierarchical architecture itself can not guarantee
the emergence of RG transformation in a deep neural net-
work. Additional information theoretic principles must
be imposed to guild the learning. In light of this obser-
vation, Ref. 37 and 45 proposed the maximal real-space
mutual information (maxRSMI) principle, which aims at
maximizing the mutual information between the coarse-
grained field and the fine-grained field in the surrounding
environment. Our minBMI principle is consistent with
and more general than the maxRSMI principle (see Sup-
plementary Material A for detailed discussion about the
relation between these two principles).
In the simplest setting, we can hard code the minBMI
principle by assigning the prior distribution to the un-
correlated Gaussian distribution,
Pprior[ζ] = N [ζ; 0, 1] ∝ e−‖ζ‖2 , (4)
where ‖ζ‖2 = ∑x,z |ζ(x, z)|2. Hence the mutual informa-
tion vanishes for every pair of points in the holographic
bulk. Given the prior distribution, the problem of finding
the optimal EHM boils down to training the optimal gen-
erative model G to minimize the Kullback-Leibler (KL)
divergence between the posterior distribution Ppost[φ] in
Eq. (2) and the target distribution Ptarget[φ] in Eq. (3),
i.e. minL with
L = KL(Ppost[φ] ‖ Ptarget[φ])
= E
ζ∼Pprior
SQFT[G[ζ]] + lnPprior[ζ]− ln det
(δG[ζ]
δζ
)
,
(5)
where Eζ∼Pprior denotes the average over the ensemble of
ζ drawn from the prior distribution. This fits perfectly to
the framework of flow-based generative models[42, 43] in
machine learning, which can be trained efficiently thanks
to its tractable and differentiable posterior likelihood.
We model the bijective map G by a neural network (to
be detailed later) with trainable network parameters. We
initiate the sampling from the bulk ζ ∼ Pprior and push
the bulk field to the boundary by φ = G[ζ], collecting
the logarithm of the Jacobian determinant along the way.
Given the action SQFT[φ], we can evaluate the loss func-
tion L in Eq. (5) and back propagate its gradient with
respect to the network parameters. We then update the
network parameters by stochastic gradient descent. We
iterate the above steps to train the neural network. In
this way, simply by presenting the QFT action SQFT to
the machine, the machine learns to design the optimal
RG transformation G by keep probing SQFT with var-
ious machine generated field configurations. Thus our
algorithm may be called the neural network renormaliza-
tion group (neural RG)[36], which can be implemented
using the deep learning platforms such as TensorFlow[46].
III. HOLOGRAPHIC DUALITY AND
CLASSICAL APPROXIMATION
We would like to provide an alternative interpreta-
tion of the loss function L in Eq. (5) in the context of
holographic duality, which will deepen our understand-
ing of the capabilities and limitations of our approach.
Suppose we can sample the boundary field configuration
φ(x) from the target distribution Ptarget[φ] and map φ(x)
to the bulk by apply the EHM along the RG direction
ζ = G−1[φ], the obtained bulk field ζ(x, z) will follow the
distribution
Pbulk[ζ] = Ptarget[φ] det(δφG
−1[φ])−1
= Z−1QFTe
−SQFT[G[ζ]] det(δζG).
(6)
Then the normalization of the bulk field probability dis-
tribution
∑
[ζ] Pbulk[ζ] = 1 implies that the QFT parti-
tion function ZQFT =
∑
[φ] e
−S[φ], which was originally
defined on the holographic boundary, can now be written
in terms of the bulk field ζ as well
ZQFT =
∑
[ζ]
e−SQFT[G[ζ]]+ln det(δζG). (7)
Note that ZQFT is by definition independent of G, we
are allowed to sum over all possible G on both sides of
Eq. (7), which establishes a duality between the following
two partition functions
ZQFT =
∑
[φ]
e−SQFT[φ] ↔ Zgrav =
∑
[ζ,G]
e−Sgrav[ζ,G], (8)
with the bulk theory Sgrav given by
Sgrav[ζ,G] = SQFT[G[ζ]]− ln det(δζG). (9)
By “duality” we mean that ZQFT and Zgrav only differ
by a proportionality constant (as Zgrav =
∑
[G] ZQFT), so
they are equivalent descriptions of the same physics the-
ory. Sgrav[ζ,G] describes how the bulk variables ζ (mat-
ter field) and the neural network G (geometry) would
fluctuate and interact with each other, which resembles
4a “quantum gravity” theory in the holographic bulk. The
bulk has more degrees of freedom than the boundary, as
there can be many different choices of ζ and G that leads
to the same boundary field configuration φ = G[ζ]. This
is a gauge redundancy in the bulk theory, which covers
the diffeomorphism invariance as well as the interchange-
able role between matter and spacetime geometry in a
gravity theory. At this level, the bulk theory looks intrin-
sically nonlocal and the geometry can fluctuate strongly.
However, it is usually more desired to work with quan-
tum gravity theories with a classical limit, which describe
weak fluctuations (matter fields and gravitons) around a
classical geometry. Although not every CFT admits a
classical gravity dual, we still attempt to find the clas-
sical approximation of the dual quantum gravity theory,
neglecting the fluctuation of G. Such classical approxi-
mations could serve as a starting point on which grav-
itational fluctuations may be further investigated in fu-
ture works. Aiming at a classical geometry, we look for
the optimal G that maximizes its marginal probability
PEHM[G] = Z
−1
grav
∑
[ζ] e
−Sgrav[ζ,G] with the bulk matter
field ζ traced out. This optimization problem seems triv-
ial, because according to Eq. (7), PEHM[G] = ZQFT/Zgrav
is independent of G. It is understandable that any choice
of G is equally likely if we have no preference on the
prior distribution Pprior[ζ] of the bulk matter field, be-
cause there is a trade-off between G and Pprior that one
can always adjust Pprior to compensate the change in G.
Such a trade-off behavior is fundamentally required by
the gauge redundancy in the bulk gravity theory. To
fix the gauge, we evoke the minBMI principle to bias
the bulk matter field towards independent random noise,
such that the classical solution of G will look like a RG
transformation, in line with our expectation for a holo-
graphic mapping. Choosing a minBMI prior distribution
such as Eq. (4), PEHM[G] can be cast into
PEHM[G] = E
ζ∼Pprior
Ptarget[G[ζ]]
Ppost[G[ζ]]
≥ e−L, (10)
which is bounded by e−L from below, with L being the
KL divergence between Ppost and Ptarget as defined in
Eq. (5). Therefore the objective of maximizing PEHM[G]
can be approximately replaced by minimizing the loss
function L, which is no longer a trivial optimization prob-
lem. From this perspective, the loss function L can be
approximately interpreted as the action (negative log-
likelihood) for the holographic bulk geometry associated
to the EHM G. Minimizing the loss function corresponds
to finding the classical saddle point solution of the bulk
geometry. We will build a flow-based generative model
to parameterize G and train the neural network using
deep learning approaches. The fluctuation of neural net-
work parameters in the learning dynamics reflects (at
least partially) the gravitational fluctuation in the holo-
graphic bulk.
At the classical saddle point G∗ = argminGL, we may
extract an effective theory for the bulk matter field
Seff[ζ] ≡ Sgrav[ζ,G∗]
= ‖ζ‖2 + lnPpost[G∗[ζ]]− lnPtarget[G∗[ζ]].
(11)
As the KL divergence L = KL(Ppost ‖ Ptarget) is min-
imized after training, we expect Ppost and Ptarget to be
similar, such that their log-likelihood difference lnPpost−
lnPtarget will be small, so the effective theory Seff[ζ] will
be dominated by the first term ‖ζ‖2 in Eq. (11), imply-
ing that the bulk field ζ will be massive. The small log-
likelihood difference further provides kinetic terms (and
interactions) for the bulk field ζ, allowing it to propagate
on a classical background that is implicitly specified by
G∗. In this way, the bulk field will be correlated in gen-
eral. Even though one of our objectives is to minimize
the bulk mutual information as much as possible, the
machine-learned EHM typically cannot resolve all corre-
lations in the original QFT, so the residual correlations
will be left in the bulk field ζ as described by the log-
likelihood difference in Eq. (11). The mismatch between
Ppost and Ptarget may arise from several reasons: first,
limited by the design of the neural network, the gen-
erative model G may not be expressive enough to pre-
cisely deform the prior distribution to the target distri-
bution; second, even if G has the sufficient representation
power, the training may not be able to converge to the
global minimum; finally and perhaps the most fundamen-
tal reason is not every QFT has a classical gravitational
dual, the bulk theory should be quantum gravity in gen-
eral. Taking the classical approximation and ignoring
the gravitational fluctuation leads the unresolvable cor-
relation and interaction for the matter field ζ that has to
be kept in the bulk.
Nevertheless, our framework could in principle include
fluctuations of G by falling back to Zgrav in Eq. (8). We
can either model the marginal distribution PEHM[G] by
techniques like graph generative models, or directly ana-
lyze the gravitational fluctuations by observing the fluc-
tuations of neural network parameters in the learning dy-
namics as mentioned below Eq. (10). We will leave these
ideas for future exploration. In the following, we will use
a concrete example, a 2D compact boson CFT on a lat-
tice, to illustrate our approach of learning the EHM as a
generative model and to demonstrate its applications in
both the sampling and the inference tasks.
IV. APPLICATION TO COMPLEX φ4 MODEL
We consider a lattice field theory defined on a 2D
square lattice, described by the Euclidean action
SQFT[φ] = −t
∑
〈ij〉
φ∗iφj +
∑
i
(µ|φi|2 + λ|φi|4), (12)
where φi ∈ C is a complex scalar field defined on each
site i of a square lattice and 〈ij〉 denotes the summa-
tion over all nearest neighbor sites. The model has a
5global U(1) symmetry, under which the field rotates by
φi → eiϕφi on every site. We choose µ = −200 + 2t
and λ = 25 to create a deep Mexican hat potential that
basically pins the complex field on a circle φi =
√
ρeiθi
of radius
√
ρ = 2. In this way, the field theory falls
back to the XY-model SQFT = − 1T
∑
〈ij〉 cos(θi − θj)
with an effective temperature T = (ρt)−1. By tuning
the temperature T , the model exhibits two phases: the
low-T algebraic liquid phase with a power-law correlation
〈φ∗iφj〉 ∼ |xi − xj |−α and the high-T disordered phase
with a short-range correlation. The two phases are sep-
arated by the Kosterlitz-Thouless (KT) transition. Sev-
eral recent works[47–50] have focused on applying ma-
chine learning method to identify phase transitions or
topological defects (vortices). Our purpose is different
here: we stay in the algebraic liquid phase, described by
a Luttinger liquid CFT, and seek to develop the optimal
holographic mapping for the CFT.
We design the generative model G as a bijective deep
neural network following the architecture of the neural
network renormalization group (neural-RG) proposed by
Ref. 36. Its structure resembles the MERA network [16]
as depicted in Fig. 2(a). Each RG step contains a layer
of disentangler blocks (like CNN convolutional layer) to
resolve local correlations, and a layer of decimator blocks
(like CNN pooling layer) to separate the renormalized
and decimated variables. Given that the spacetime di-
mension is two on the boundary, we can overlay decima-
tors on top of disentanglers in an interweaving manner
as shwon in Fig. 2(b). Both the disentangler and the dec-
imator are made of three bijective layers: a linear scaling
layer, an orthogonal transformation layer and an invert-
ible non-linear activation layer, as arranged in Fig. 3 (see
Supplementary Material B for more details). They are
designed to be invertible, non-linear and U(1)-symmetric
transformations, which are used to model generic RG
transformations for the complex φ4 model. The bijector
parameters are subject to training (training procesure
and number of parametes are specified in Supplemen-
tary Material C). The Jacobian matrix of these transfor-
mations are calculable. After each decimator, only one
renormalized variable flows to the next RG layer, and
the other three decimated variables are positioned into
the bulk as little crosses as shown in Fig. 2(a) and (b).
The entire network constitutes an EHM between the orig-
inal boundary field φ(x) and the dual field ζ(x, z) in the
holographic bulk.
We start with a 32×32 square lattice as the holographic
boundary and build up the neural-RG network. The net-
work will have five layers in total. Since the boundary
field theory has a gobal U(1) symmetry, the bijectors in
the neural network are designed to respect the U(1) sym-
metry (see Fig. 3), such that the bulk filed also preserves
the U(1) symmetry. The training will be divided into
two stages, as pictured in Fig. 2(c). In the training stage
I, we fix the prior distribution in Eq. (4) and train the
network parameters in the generative model G to mini-
mize the loss function L. The training method is outlined
x
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G
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generation
G
ϕ (x) boundary
ζ (x,z)bulk
(a)
stage I
train
E
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M
fix
Pprior[ζ]
e-SQFT [ϕ]
stage II
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E
H
M
train
Pprior[ζ]
e-SQFT [ϕ]
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(b)
stage I
stage II
(d)
0 5 10 15 20 25
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training steps (×103)
ℒ/site
(-400
)
FIG. 2. (a) Side view of the neural-RG network. x is the spa-
tial dimension(s) and z corresponds to the RG scale. There
are two types of blocks: disentanglers (dark green) and dec-
imators (light yellow). The network forms an EHM between
the boundary variables (blue dots) and the bulk variables (red
crosses). (b) Top view of one RG layer in the network. Dis-
entanglers and decimators interweave in the spacetime (tak-
ing two-dimensional spacetime for example). Each decimator
pushes the coarse-grained variable (black dot) to the higher
layer and leaves the decimated variables (red crosses) in the
holographic bulk. (c) The training contains two stages. In
the first stage, we fix the prior distribution P [ζ] to be un-
correlated Gaussian and train the EHM G to bring it to the
Boltzmann distribution of the CFT. In the second stage, we
learn the prior distribution with the trained EHM held fixed.
(d) The behavior of the loss function L in the two training
stages.
below Eq. (5). The loss function L decays with training
steps, whose typical behavior is shown in Fig. 2(d). We
will discuss the stage II training later.
We perform the stage I training for several neural net-
works at different temperatures T separately, i.e. we use
SQFT[φ] of different parameters to train different neural
networks. After training, each neural network can gener-
ate configurations of the boundary field φ from the bulk
uncorrelated Gaussian field ζ efficiently. To test how well
these generative models work, we measured the order pa-
rameter 〈φ〉 and the correlation function 〈φ∗iφj〉 using the
field configurations generated by the neural network. Al-
though the order parameter 〈φ〉 is expected to vanish
in the thermodynamic limit, for our finite-size system,
it is not vanishing and can exhibit a crossover around
the KT transition, as shown in Fig. 4(a). The cross over
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A
<latex it sha1_ba se64="R4Wvr o84r5WTwA5i jEyDvs9GjY U=">AAALQHi cbdbLbttGFA ZgJk2bhL3k 0mU2RIQWXRl iE6BdxpbvV9 m62qYQDA9H MuHhBXNGSQy Gr5Bt8jx5i 7xBd0W3XXUo K5jRnBIQMD7 fmTGH0C9OX IoUVbv95c7d b+59+939Bw/ 973/48adHj 588HWIxl8AH UIhCjmOGXKQ 5H6hUCT4uJ WdZLPgovu40 PnrDJaZF3l c3JZ9kbJan0 xSYakoRwvrr x632WntxBX QQLgctb3l1X z/xf42SAuYZ zxUIhngZtk s1qZhUKQhe+ 9Ececngms3 4pR7mLOM4qR Y3Wwe/6EoST AupP7kKFlV 7RiWY4u/wJl tZp2IZ6lpMi hlTV6TYrIy r1Xk5k5xfrx bjzLlZNf1zU qV5OVc8h9t 7nc5FoIqgeX hBkkoOStzo AQOZ6u0GcMU kA6UfsR/l/C 0UWcbypIpi yerLcFJFguU zwYNW+L5e7b jmatHxvhUG kVx0OR1JUld Rs0GZVUntYJ oaTF2cl2AU XB0YG7jWs7C 3UMltPzF8Q uZa2KNaWlq6 2hF1dcvARNW pIy4E2fLX5 xHHVajReVq4 bnjdnZvghtE Nqh2jHaqbR jepbhndorpt dJvqjtEdqrt Gd6nuGd2ju m90n+qB0QOq h0YPqR4ZPa J6bPSY6olR8 g1JsGu0S/XU 6CnVM6NnVH tGe1T7RvtUB 0ZJXhIcGh1S HRkdUR0bHV M9N3pO9cLoR ROGVdc/7LXJ E4kDwobFJA 8IndpOI+FNi 0kiELYsJpF A2LaYZAJhx2 ISCoRdi0kqE PYsJrFA2Le Y5ALhwGISDI RDi0kyEI4sJ tFAOLaYZAP hxGISDoSuxS QdCKcWk3ggn FlM8oHQs5g EBKFvMUkIws BiEhGEocUk Iwgji0lIEMY Wk5QgnFtMYo JwYfEFeWn0 peai5JKpQjY HlUpX3DVmud vUlMir8Yy7 bbpCuvYyt0t XnP/4Rp8yF mcDfY7IqpZ+ 1zkNeSGzZYM Ycqn08SKSz cBt1DtfHkP4 VF1GMZ+leaW LMn1X6zlc9 yz/imQ6u1IT d+//u4CuCrG 6il36upQ+W YbuOZIOhr+v hS/W2qcvW6 82lmfMB94z7 7n3mxd6f3iv vF2v6w088K 68D95H75P/2 f/L/9v/57b1 7p3lnJ+9lc v/9z9zCU8n< /latexit>
O
<latex it sha1_ba se64="jEyb7 7ORWh5ooNKW Ow9+HWGcTw s=">AAALQHi cbdbLjts2FA ZgJWmbRL3k tuxGqJGiq4H VBEiWyXjuV8 /4OjMyAuqI 9ghDXcBDpxk oeoVs2+fpW /QNuiuyzSqU xwPSPBVggD7 fIS0K/iHGp UhRtdv/3Ll7 75tvv7v/4KH //Q8//vTo8 ZOnQyzmEvgA ClHIccyQizT nA5Uqwcel5 CyLBR/FV53G R++5xLTI++ q65JOMzfJ0m gJTTSlCOH73 uNVeay+ugA 7C5aDlLa/uu yf+r1FSwDzj uQLBEC/Cdq kmFZMqBcFrP 5ojLxlcsRm /0MOcZRwn1e Jm6+C5riTBt JD6k6tgUbV nVIIp/gGvs5 V1KpahrsWkm DF1SYrNyrh anZczyfnVaj HOnJtV09eTK s3LueI53Nz rdC4CVQTNww uSVHJQ4loP GMhUbzeASyY ZKP2I/Sjnf0 CRZSxPqiiW rL4IJ1UkWD4 TPGiFH+vVji uuFh0fW2EQ yUWX05EkdRU 1G5RZldQOpq nB1MV5CUbB 1YGxgWs9C3s Lldz2Y8PHZ K6FPaqlpaWr HVFXNwxMVJ0 64kKQLd8+j ziuQo3O08K3 ht+6cxNcN7p OtWO0Q3XD6 AbVTaObVLeM blHdNrpNdcf oDtVdo7tU9 4zuUd03uk/1 wOgB1UOjh1 SPjB5RPTZK/ iEJdo12qZ4Y PaF6avSUas 9oj2rfaJ/qw CjJS4JDo0Oq I6MjqmOjY6 pnRs+onhs9b 8Kw6gi3aWjy ROKAsG4xyQ NCp7bTSHjDY pIIhE2LSSQ QtiwmmUDYtp iEAmHHYpIKh F2LSSwQ9iw muUDYt5gEA+ HAYpIMhEOLS TQQjiwm2dC vYotJOBC6Fp N0IJxYTOKBc GoxyQdCz2I SEIS+xSQhCA OLSUQQhhaT jCCMLCYhQRh bTFKCcGYxiQ nCucXn5KXR l5qLkkumCtk cVCpdcdeY5W 5TUyKvxlPu tukK6drN3C5 dcX7xvT5lL M4G+hyRVS39 rnMa8kJmywY x5FLp40Ukm 4HbqHe+PIbw qbqIYj5L80o XZfqh1nO47 ll+i2Q6u1QT d+//u4CuCrG 6il26XUqfL EP3HEkHw9/X whdr7ZOXrT fryzPmA+9n7 xfvNy/0Xnlv vB2v6w088C 69T96f3l/+3 /6//n/+55vW u3eWc555K5 f/5SsK9k81< /latexit>
S
<latexit sha1_base64="Ddj/kIITvrvSvxbxddZWdA9CgB8="></latexit>
 1
<latexit sha1_base64="KTqXu97RvYD0ZPOgX69F3 Gqd4gA=">AAALRHicbdZbb9s2FAdw9bKt1S5t18e+CDU27GEIrK3A9tjGuV+d+JpERkAd0Y4Q6gIeum2g6kv0 tf08+w77Dnsb9jqMchyQ5pkAA/T5HdKi4D/EuBQpqnb7z3v3Hzz84suvHj32v/7m2++ePH32/RCLuQQ+gEIUc hwz5CLN+UClSvBxKTnLYsFH8XWn8dFbLjEt8r66KfkkY7M8nabAlC6No5+j8iq9DC+fttpr7cUV0EG4HLS85d W9fOb/GCUFzDOeKxAM8SJsl2pSMalSELz2oznyksE1m/ELPcxZxnFSLW64Dn7QlSSYFlJ/chUsqvaMSjDF3+N NtrJOxTLUtZgUM6auSLFZGVer83ImOb9eLcaZc7Nq+vukSvNyrngOt/c6nYtAFUHzAIMklRyUuNEDBjLV2w3g ikkGSj9mP8r5OyiyjOVJFcWS1RfhpIoEy2eCB63wQ73acc3VouNDKwwiuehyOpKkrqJmgzKrktrBNDWYujgvwS i4OjA2cK1nYW+hktt+bPiYzLWwR7W0tHS1I+rqloGJqlNHXAiy5bvnEcdVqNF5WvjG8Bt3boLrRtepdox2qG4 Y3aC6aXST6pbRLarbRrep7hjdobprdJfqntE9qvtG96keGD2gemj0kOqR0SOqx0bJPyTBrtEu1ROjJ1RPjZ5S 7RntUe0b7VMdGCV5SXBodEh1ZHREdWx0TPXM6BnVc6PnTRhWHeEuDU2eSBwQ1i0meUDo1HYaCW9YTBKBsGkxi QTClsUkEwjbFpNQIOxYTFKBsGsxiQXCnsUkFwj7FpNgIBxYTJKBcGgxiQbCkcUkGwjHFpNwIHQtJulAOLGYxA Ph1GKSD4SexSQgCH2LSUIQBhaTiCAMLSYZQRhZTEKCMLaYpAThzGISE4Rzi8/JS6MvNRcll0wVsjmoVLrirjH L3aamRF6Np9xt0xXStZu5Xbri/OJbfcpYnA30OSKrWvpd5zTkhcyWDWLIpdLHi0g2A7dR73x5DOFTdRHFfJbm lS7K9H2t53Dds/wWyXR2pSbu3v93AV0VYnUVu3S3lD5Zhu45kg6Gv6yFv661T161Xq8vz5iPvBfeS+8nL/R+8 157O17XG3jgCe+j98n77P/h/+X/7f9z23r/3nLOc2/l8v/9D9j5UJE=</latexit>  2
<latexit sha1_base64="afXs6j5UQCnh7AD5YkPcU zLGaBk=">AAALRHicbdZbb9s2FAdwtd3WTrv09rgXYcaGPQyB1RZoH9s496sTX5PICKgj2hFCXcBDdw1UfYm9 bp9n32HfYW9DX4tRjgPSPBNggD6/Q1oU/IcYlyJF1W7/fe/+gy++/Orho6/9b7797vvHT54+G2Ixl8AHUIhCj mOGXKQ5H6hUCT4uJWdZLPgovu40PnrPJaZF3lc3JZ9kbJan0xSY0qVx9GtUXqWXLy6ftNpr7cUV0EG4HLS85d W9fOr/HCUFzDOeKxAM8SJsl2pSMalSELz2oznyksE1m/ELPcxZxnFSLW64Dn7SlSSYFlJ/chUsqvaMSjDFP+B NtrJOxTLUtZgUM6auSLFZGVer83ImOb9eLcaZc7Nq+mZSpXk5VzyH23udzkWgiqB5gEGSSg5K3OgBA5nq7QZw xSQDpR+zH+X8NyiyjOVJFcWS1RfhpIoEy2eCB63wY73acc3VouNjKwwiuehyOpKkrqJmgzKrktrBNDWYujgvwS i4OjA2cK1nYW+hktt+bPiYzLWwR7W0tHS1I+rqloGJqlNHXAiy5bvnEcdVqNF5WvjO8Dt3boLrRtepdox2qG4 Y3aC6aXST6pbRLarbRrep7hjdobprdJfqntE9qvtG96keGD2gemj0kOqR0SOqx0bJPyTBrtEu1ROjJ1RPjZ5S 7RntUe0b7VMdGCV5SXBodEh1ZHREdWx0TPXM6BnVc6PnTRhWHeEuDU2eSBwQ1i0meUDo1HYaCW9YTBKBsGkxi QTClsUkEwjbFpNQIOxYTFKBsGsxiQXCnsUkFwj7FpNgIBxYTJKBcGgxiQbCkcUkGwjHFpNwIHQtJulAOLGYxA Ph1GKSD4SexSQgCH2LSUIQBhaTiCAMLSYZQRhZTEKCMLaYpAThzGISE4Rzi8/JS6MvNRcll0wVsjmoVLrirjH L3aamRF6Np9xt0xXStZu5Xbri/OJ7fcpYnA30OSKrWvpd5zTkhcyWDWLIpdLHi0g2A7dR73x5DOFTdRHFfJbm lS7K9EOt53Dds/wWyXR2pSbu3v93AV0VYnUVu3S3lD5Zhu45kg6GL9bCl2vtk1ett+vLM+Yj7wfvR+8XL/Ree 2+9Ha/rDTzwhPe794f3p/+X/4//r//ptvX+veWc597K5X/+D+PSUJI=</latexit>
 3
<latexit sha1_base64="aVkJm0Z5IjlZ3Vj4bJwXK W59qpg=">AAALRHicbdZbb9s2FAdwtd3WTrv09rgXYcaGPQyB1RZoH9s496sTX5PICKgj2hFCXcBDdw1UfYm9 bp9n32HfYW9DX4tRjgPSPBNggD6/Q1oU/IcYlyJF1W7/fe/+gy++/Orho6/9b7797vvHT54+G2Ixl8AHUIhCj mOGXKQ5H6hUCT4uJWdZLPgovu40PnrPJaZF3lc3JZ9kbJan0xSY0qVx9GtUXqWXLy+ftNpr7cUV0EG4HLS85d W9fOr/HCUFzDOeKxAM8SJsl2pSMalSELz2oznyksE1m/ELPcxZxnFSLW64Dn7SlSSYFlJ/chUsqvaMSjDFP+B NtrJOxTLUtZgUM6auSLFZGVer83ImOb9eLcaZc7Nq+mZSpXk5VzyH23udzkWgiqB5gEGSSg5K3OgBA5nq7QZw xSQDpR+zH+X8NyiyjOVJFcWS1RfhpIoEy2eCB63wY73acc3VouNjKwwiuehyOpKkrqJmgzKrktrBNDWYujgvwS i4OjA2cK1nYW+hktt+bPiYzLWwR7W0tHS1I+rqloGJqlNHXAiy5bvnEcdVqNF5WvjO8Dt3boLrRtepdox2qG4 Y3aC6aXST6pbRLarbRrep7hjdobprdJfqntE9qvtG96keGD2gemj0kOqR0SOqx0bJPyTBrtEu1ROjJ1RPjZ5S 7RntUe0b7VMdGCV5SXBodEh1ZHREdWx0TPXM6BnVc6PnTRhWHeEuDU2eSBwQ1i0meUDo1HYaCW9YTBKBsGkxi QTClsUkEwjbFpNQIOxYTFKBsGsxiQXCnsUkFwj7FpNgIBxYTJKBcGgxiQbCkcUkGwjHFpNwIHQtJulAOLGYxA Ph1GKSD4SexSQgCH2LSUIQBhaTiCAMLSYZQRhZTEKCMLaYpAThzGISE4Rzi8/JS6MvNRcll0wVsjmoVLrirjH L3aamRF6Np9xt0xXStZu5Xbri/OJ7fcpYnA30OSKrWvpd5zTkhcyWDWLIpdLHi0g2A7dR73x5DOFTdRHFfJbm lS7K9EOt53Dds/wWyXR2pSbu3v93AV0VYnUVu3S3lD5Zhu45kg6GL9bCl2vtk1ett+vLM+Yj7wfvR+8XL/Ree 2+9Ha/rDTzwhPe794f3p/+X/4//r//ptvX+veWc597K5X/+D+6rUJM=</latexit>  4
<latexit sha1_base64="neHR1I1ZheDIYirnPQmP1 pdLpg4=">AAALRHicbdZbb9s2FAdwtd3WTrv09rgXYcaGPQyB1RZoH9s496sTX5PICKgj2hFCXcBDdw1UfYm9 bp9n32HfYW9DX4tRjgPSPBNggD6/Q1oU/IcYlyJF1W7/fe/+gy++/Orho6/9b7797vvHT54+G2Ixl8AHUIhCj mOGXKQ5H6hUCT4uJWdZLPgovu40PnrPJaZF3lc3JZ9kbJan0xSY0qVx9GtUXqWXry6ftNpr7cUV0EG4HLS85d W9fOr/HCUFzDOeKxAM8SJsl2pSMalSELz2oznyksE1m/ELPcxZxnFSLW64Dn7SlSSYFlJ/chUsqvaMSjDFP+B NtrJOxTLUtZgUM6auSLFZGVer83ImOb9eLcaZc7Nq+mZSpXk5VzyH23udzkWgiqB5gEGSSg5K3OgBA5nq7QZw xSQDpR+zH+X8NyiyjOVJFcWS1RfhpIoEy2eCB63wY73acc3VouNjKwwiuehyOpKkrqJmgzKrktrBNDWYujgvwS i4OjA2cK1nYW+hktt+bPiYzLWwR7W0tHS1I+rqloGJqlNHXAiy5bvnEcdVqNF5WvjO8Dt3boLrRtepdox2qG4 Y3aC6aXST6pbRLarbRrep7hjdobprdJfqntE9qvtG96keGD2gemj0kOqR0SOqx0bJPyTBrtEu1ROjJ1RPjZ5S 7RntUe0b7VMdGCV5SXBodEh1ZHREdWx0TPXM6BnVc6PnTRhWHeEuDU2eSBwQ1i0meUDo1HYaCW9YTBKBsGkxi QTClsUkEwjbFpNQIOxYTFKBsGsxiQXCnsUkFwj7FpNgIBxYTJKBcGgxiQbCkcUkGwjHFpNwIHQtJulAOLGYxA Ph1GKSD4SexSQgCH2LSUIQBhaTiCAMLSYZQRhZTEKCMLaYpAThzGISE4Rzi8/JS6MvNRcll0wVsjmoVLrirjH L3aamRF6Np9xt0xXStZu5Xbri/OJ7fcpYnA30OSKrWvpd5zTkhcyWDWLIpdLHi0g2A7dR73x5DOFTdRHFfJbm lS7K9EOt53Dds/wWyXR2pSbu3v93AV0VYnUVu3S3lD5Zhu45kg6GL9bCl2vtk1ett+vLM+Yj7wfvR+8XL/Ree 2+9Ha/rDTzwhPe794f3p/+X/4//r//ptvX+veWc597K5X/+D/mEUJQ=</latexit>
 0
<latexit sha1_base64="1KjOVv1J9o48mnKJle+WG 5Zw2UE=">AAALQ3icbdZbj9tEFAdwt9BSDC0tPPJiEQF9WsUFCSRe2s3er9nNdXcdVePjSdbK+KI5k9KV6w/B K3yefoh+Bt4Qr0iMs1nNZE4tRZqc35mJx8pfnrgUKap2+8O9+598+uDhZ48+97/48vGTr54++3qIxUICH0AhC jmOGXKR5nygUiX4uJScZbHgo3jeaXz0hktMi7yvbko+ydgsT6cpMKVLo+i3qLxOf3z9tNXeaC+vgA7C1aDlra 7u62f+D1FSwCLjuQLBEK/CdqkmFZMqBcFrP1ogLxnM2Yxf6WHOMo6Tanm/dfC9riTBtJD6k6tgWbVnVIIp/hZ vsrV1KpahrsWkmDF1TYrNyrheXZQzyfl8vRhnzs2q6a+TKs3LheI53N7rdCECVQTN8wuSVHJQ4kYPGMhUbzeA ayYZKP2U/Sjnv0ORZSxPqiiWrL4KJ1UkWD4TPGiF7+r1jjlXy453rTCI5LLL6UiSuoqaDcqsSmoH09Rg6uKiBK Pg6sDYwLWehb2lSm77qeFTMtfCHtXS0tLVjqirWwYmqk4dcSHIlu+eRxxXoUbnaeErw6/cuQluGt2k2jHaobp ldIvqttFtqjtGd6juGt2lumd0j+q+0X2qB0YPqB4aPaR6ZPSI6rHRY6onRk+onhol/5AEu0a7VM+MnlE9N3pO tWe0R7VvtE91YJTkJcGh0SHVkdER1bHRMdULoxdUL41eNmFYd4S7NDR5InFA2LSY5AGhU9tpJLxlMUkEwrbFJ BIIOxaTTCDsWkxCgbBnMUkFwr7FJBYIBxaTXCAcWkyCgXBkMUkGwrHFJBoIJxaTbCCcWkzCgdC1mKQD4cxiEg +Ec4tJPhB6FpOAIPQtJglBGFhMIoIwtJhkBGFkMQkJwthikhKEC4tJTBAuLb4kL42+1FyUXDJVyOagUumKu8Y sd5uaEnk1nnO3TVdI137mdumK84tv9CljeTbQ54isaul3ndOQFzJbNYghl0ofLyLZDNxGvfPVMYRP1VUU81ma V7oo07e1nsN1z+pbJNPZtZq4e//oAroqxPoqduluKX2yDN1zJB0MX2yEP220z35uvdxcnTEfed9633nPvdD7x Xvp7Xldb+CBN/f+8P70/vLf+3/7//j/3rbev7ea8423dvn//Q/X9VAt</latexit>
Re
<latexit sha1_base64=" BO/xlCBrlee6BP1iDmYy+iW42lQ=">AAALWXicbdZJ b+M2FAdwZbqldpdM5zgXoUaLHgrDnikw7W0mzr463hP LCKgn2hFCLeCjpxNodOin6bX9OEW/TCnHAWm+CjBAv 98jLQr+QwxzEaNqtf7ZevbJp599/sX2l7X6V19/8+3O 8+9GmC0l8CFkIpOTkCEXccqHKlaCT3LJWRIKPg7vO5 WP33OJcZYO1EPOZwlbpPE8BqZ06XbnZbBaYyoX4axoN d/89nOr+Up/yqDHb3carWZrdfl00F4PGt766t4+r/0Y RBksE54qEAxx2m7lalYwqWIQvKwFS+Q5g3u24FM9TF nCcVas7qD0f9CVyJ9nUn9S5a+q9oxCMMU/4EOysU7BE tS1kBQTpu5IsVoZN6vLfCE5v98sholzs2r+66yI03y peAqP9zpfCl9lfvVU/SiWHJR40AMGMtbb9eGOSQZKP/ takPLfIUsSlkZFEEpWTtuzIhAsXQjuN9ofy82Oe65W HR8bbT+Qqy6nI4rKIqg2KJMiKh2MY4Oxi8scjIKrQ2N D1/oW9lcque2Xhi/JXAv7VHNLc1c7oiweGZgoOmXAh SBbfnoeYVi0NTpPC98ZfufOjXDX6C7VjtEO1T2je1T3 je5TPTB6QPXQ6CHVI6NHVI+NHlM9MXpC9dToKdUzo2 dUz42eU70wekH10ij5h0TYNdqlemX0imrPaI9q32if6 sDogOrQKMlLhCOjI6pjo2OqE6MTqtdGr6neGL2pwrD pCE9pqPJE4oCwazHJA0KntNNIeM9ikgiEfYtJJBAOLC aZQDi0mIQC4chikgqEY4tJLBBOLCa5QDi1mAQD4cxik gyEc4tJNBAuLCbZQLi0mIQDoWsxSQfClcUkHgg9i0k +EPoWk4AgDCwmCUEYWkwigjCymGQEYWwxCQnCxGKSEo Rri0lMEG4sviEvjYHUnOVcMpXJ6qBS6Iq7xiJ1m6oS eTX2uNumK6TrOHG7dMX5xff6lLE6G+hzRFI09LvOaUg zmawbxIhLpY8XgawGbqPe+foYwudqGoR8EaeFLsr4Q 6nncN2z/hbIeHGnZu7e/3cBXRVicxW79LSUPlm23XMk HYxeNduvm62rXxpvd9dnzG3vpfe995PX9t54b70jr+ sNPfD+8P70/vL+rv1b36pv12uPrc+21nNeeBtX/cV/U tZTXA==</latexit>
Im
<latexit sha1_base64="G6pUJwvys+Cuk+lAAdBhT T4OZcc=">AAALXXicbdbLbttGFAZgJm2aVEoTp110kUWICi26KAQxCRBnl1i+yVfZutqiYAwPRzLh4QVzRmkM hss+Tbftw3TVV+lQljEjnhKwMD7fmRGH0A9OkIkIVav1z4OHX3396JvHT76t1Z9+9+z5xovvh5guJPABpCKV4 4AhF1HCBypSgo8zyVkcCD4Kbtqljz5xiVGa9NVtxqcxmyfRLAKmdOlq45W/XGMi58E0bzW9969/azXfbG7qz8 3C78RXG41Ws7W8XDrwVoOGs7q6Vy9qv/hhCouYJwoEQ5x4rUxNcyZVBIIXNX+BPGNww+Z8oocJizlO8+VdFO7 PuhK6s1Tqv0S5y6o9IxdM8c94G6+tk7MYdS0gxZipa1IsV8b16iKbS85v1otBXLlZNduc5lGSLRRP4O5eZwvh qtQtn6wbRpKDErd6wEBGersuXDPJQOnnX/MT/jukccySMPcDyYqJN819wZK54G7D+1Ksd9xwtez40vBcXy67Kh 1hWOR+uUEZ52FRwSgyGFVxkYFRqOrA2KBqPQt7S5Xc9lPDp2SuhT2qmaVZVduiyO8YmMjbhc+FIFu+fx5BkHs aK08LPxr+WJ0b4pbRLapto22q20a3qe4Y3aG6a3SX6p7RPar7Rvepdox2qB4YPaB6aPSQ6pHRI6rHRo+pnhg9 oXpqlPxCQuwa7VI9M3pG9dzoOdWe0R7VvtE+1YFRkpcQh0aHVEdGR1THRsdUL4xeUL00elmGYd0R7tNQ5onEA WHLYpIHhHZhp5HwtsUkEQg7FpNIIOxaTDKBsGcxCQXCvsUkFQgdi0ksEA4sJrlAOLSYBAPhyGKSDIRji0k0EE 4sJtlAOLWYhAOhazFJB8KZxSQeCOcWk3wg9CwmAUHoW0wSgjCwmEQEYWgxyQjCyGISEoSxxSQlCBcWk5ggXFp 8SV4afak5zbhkKpXlQSXXleoa86TaVJbIq/GcV9t0hXR14mqXrlS+8ZM+ZSzPBvocEecN/a6rNCSpjFcNYsil 0scLX5aDaqPe+eoYwmdq4gd8HiW5Lsroc6HncN2z+s+X0fxaTat7/98FdFWI9VXs0v1S+mTpVc+RdDB83fTeN FtnbxsftlZnzCfOS+cn51fHc945H5x9p+sMHHD+cP50/nL+rv1bf1R/Wn921/rwwWrOD87aVf/xPynrVFg=</ latexit>
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FIG. 3. Neural network architecture within a decimator block
(the disentangler block shares the same architecture). Start-
ing from the renormalized variable φ′ and the bulk noise ζ1,2,3
as complex variables, the Re and Im channels are first sepa-
rated, then S applies the scaling separately to the four vari-
ables within each channel and O implements the O(4) trans-
formation that mixes the four variables together. S and O
are identical for Re and Im channels to preserve the U(1)
symmetry. Then the channels merge into complex variables
followed by element wise non-linear activation describe by an
invertible U(1)-symmetric map φi 7→ (φi/|φi|) sinh |φi|.
temperature T ' 0.9 agrees with the previous Monte
Carlo study [51–53] of the KT transition temperature
TKT = 0.8929 in the two-dimensional XY model. We
measure the correlation function 〈φ∗iφj〉 at two different
temperatures: one at T = 0.5 in the algebraic liquid
phase, one at T = 1.0 in the disordered phase. We plot
the two-point function 〈φ∗iφj〉 as a function of the Eu-
clidean distance rij ≡ |xi − xj | (on the square lattice)
in both the log-log scale as Fig. 4(b) and the log-linear
scale as Fig. 4(c). The comparison shows that the corre-
lation function in the algebraic liquid (or the disordered)
phase fits better to the power-law (or the exponential)
decay. Fig. 4(d) shows the statistics of φi in one sample
generated by the machine trained in the algebraic liquid
phase. It exhibits the “spontaneous symmetry breaking”
behavior due to the finite-size effect, although accumulat-
ing over multiple samples will restore the U(1) symmetry.
However, similar plot Fig. 4(e) in the disordered phase re-
spects the U(1) symmetry in every single sample. Based
on these tests, we can conclude that the neural network
has learned to generate field configurations φ(x) that re-
produce the correct physics of the complex φ4 model.
The trained generative model G maps an almost uncor-
related bulk field ζ to a correlated boundary field φ, and
vice versa, therefore G provides a good EHM for the φ4
theory.
The machine-learnt EHM can be useful in both the
backward and forward directions. The backward map-
ping from bulk to boundary provides efficient sampling
of the CFT configurations, which can be used to boost
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FIG. 4. Performance of the trained EHM for the complex φ4
theory. (a) Order parameter 〈φ〉 v.s. temperature T . Dif-
ferent models are trained separately at different temperature.
For finite-sized system, 〈φ〉 crosses over to zero around the
KT transition. Correlation function 〈φ∗i φj〉 scaling in log-log
plot (b) and log-linear plot (c). Distribution of φi in a single
sample generated by the neural network trained in (d) the
algebraic liquid phase and (e) the disordered phase.
FIG. 5. The boundary field configuration φ before (left) and
after (right) a local update in the most IR layer of the bulk
field ζ. The complex field φi is represented by the small arrow
on each site. The background color represents the vorticity.
The inset shows the distribution of φi in the complex plane.
the Monte Carlo simulation of the CFT. The forward
mapping from boundary to bulk enables direct inference
of bulk field configurations, allowing us to study the bulk
effective theory and to probe the bulk geometry. Let us
first discuss the sampling task. The EHM establishes a
mapping between the massive bulk field ζ and the mass-
less boundary field φ. The bulk field admits efficient
7sampling in terms of local update, because the it is un-
correlated (or short-range correlated). Local updates in
the bulk gets maps to global updates on the boundary,
which allows us to sample the critical boundary field ef-
ficiently, minimizing the effect of critical slowdown. To
demonstrate this, we tweak the bulk field in the most IR
layer. Under the EHM, we observe a global change of
the boundary field configuration as shown in Fig. 5. It is
interesting to note that the change of the IR bulk field ba-
sically induces a global U(1) rotation of φi (see the insets
of Fig. 5), which corresponds the “Goldstone mode” as-
sociated to the “spontaneous symmetry breaking” in the
fine-sized system, showing that the machine can identify
the order parameter as the relevant IR degrees of free-
dom without prior knowledge about low-energy modes of
the system. We also check that the Hamiltonian Monte
Carlo sampling in the bulk converges much faster com-
pared to applying the same algorithm on the boundary
(see Supplementary Material D for more evidences). In
connection to several recent works, our neural-RG archi-
tecture can be integrated to self-learning Monte Carlo
approaches[54–60] to boost the numerical efficiency in
simulating CFTs. The inverse RG transformation can
also be used to generate super-resolution samples[61] for
finite-size extrapolation of thermodynamic observables.
Now let us turn to the inference task. We can use the
optimal EHM to push the boundary field back into the
bulk and investigate the effective bulk theory Seff[ζ] in-
duced by the boundary CFT. As analyzed below Eq. (11),
the mismatch between Ppost and Ptarget will give rise to
the residual correlation (mutual information) of the bulk
matter field, which can be used to probe the holographic
bulk geometry. Assuming an emergent locality in the
holographic bulk, the expectation is that the bulk ef-
fective theory Seff[ζ] will take the following form in the
continuum limit,
Seff[ζ] =
∫
M
gµν∂µζ
∗∂νζ +m2|ζ|2 + u|ζ|4 + · · · , (13)
which describes the bulk field ζ on a curved spacetime
background M equipped with the metric tensor gµν .
Strictly speaking, ζ is not a single field but contains a
tower of fields corresponding to different primary oper-
ators in the CFT. We choose to focus on the lightest
component and model it by a scalar field, as it will domi-
nate the bulk mutual information at large scale. Because
the bulk field excitation is massive and can not propa-
gate far, we expect the mutual information between the
bulk variables at two different points to decay exponen-
tially with their geodesic distance in the bulk. Following
this idea, suppose ζi = ζ(xi, zi) and ζj = ζ(xj , zj) are
two bulk field variables, then their distance d(ζi : ζj) can
be inferred from their mutual information I(ζi : ζj) as
follows
d(ζi : ζj) = −ξ ln I(ζi : ζj)
I0
, (14)
where the correlation length ξ and the information unit
I0 are global fitting parameters.
To estimate the mutual information among bulk field
variables, we take a quadratic approximation of the bulk
effective action Seff[ζ] '
∑
ij ζ
∗
iKijζj = ζ
†Kζ, ignoring
the higher order interactions of ζ for now. This amounts
to relaxing the prior distribution of the bulk field ζ to a
correlated Gaussian distribution
P ′prior[ζ] =
1√
det(2piK−1)
e−ζ
†Kζ . (15)
The kernel matrix K is carefully designed to ensure pos-
itivity and bulk locality (see Supplementary Material E
for more details). To determine the best fit of K, we
initiate the stage II training to learn the prior distribu-
tion with the EHM fixed at its optimal solution obtained
in the stage I training, as illustrated in Fig. 2(c). We
use the reparametrization trick [62] to sample the bulk
field ζ from the correlated Gaussian in Eq. (15), then ζ
is pushed to the boundary by the fixed EHM to evaluate
the loss function L in Eq. (5), and the gradient signal can
back-propagate to train the kernel K. As we relax the
Gaussian kernel K for training, we can see that the loss
function will continue to drop in the stage II, as shown
in Fig. 2(d). This indicates that the Gaussian model is
learning to capture the residual bulk field correlation (at
least partially), such that the overall performance of gen-
eration gets improved. One may wonder why not train-
ing the generative model G and bulk field distribution
Pprior[ζ] jointly. This is because there is a trade-off be-
tween these two objectives. For example, one can weaken
the disentanglers in G and push more correlation to the
bulk field distribution Pprior[ζ]. Such trade-off will un-
dermine our objective of minimizing bulk mutual infor-
mation in training a good EHM, therefore the two train-
ing stages should be separated, or at least assigned very
different learning rates. Intuitively, the machine learns
the background geometry in the stage I training and the
bulk field theory (to the quadratic order) in the stage II
training. The trade-off between the two training stages
resembles the interchangeable roles between matter and
spacetime geometry in a gravity theory.
After the stage II training, we obtain the fitted kernel
matrix K. The mutual information I(ζi : ζj) can be
evaluated from
I(ζi : ζj) = −1
2
ln
(
1− 〈ζ
∗
i ζj〉
〈ζ∗i ζi〉〈ζ∗j ζj〉
)
, (16)
where the bulk correlation 〈ζ∗i ζj〉 = (K−1)ij is simply
given by the inverse of the kernel matrix K. Then we
can measure the holographic distance d(ζi : ζj) between
any pair of bulk variables ζi and ζj following Eq. (14).
To probe the bulk geometry, we further define the dis-
tance between two decimators A and B to be the aver-
age distance between all pairs of bulk variables separately
associated to them,
D(A : B) = avg
ζi∈A,ζj∈B
d(ζi : ζj). (17)
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FIG. 6. (a) Distance matrixD(A : B), indexed by the decima-
tor indices A,B, obtained based on Eq. (17). (b) Visualization
of the bulk geometry by multidimensional scaling projected
to the leading three principle dimensions. Each point repre-
sent a decimator in the neural network, colored according to
layers from UV to IR. The neighboring UV-IR links are add
to guide the eye.
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FIG. 7. Distance scaling along (a) the radius and (b) the
angular direction.
The result is presented in Fig. 6(a). To visualize the bulk
geometry qualitatively, we perform a multidimensional
scaling to obtain a three-dimensional embedding of the
decimators in Fig. 6(b). One can see a hyperbolic ge-
ometry emerges in the bulk. To be more quantitative,
we label each decimator by three coordinates (x1, x2, z),
where x = (x1, x2) denotes its center position projected
to the holographic boundary and z = 2l is related to
its layer depth l (ascending from UV to IR). We found
that the measured distance function follows the scaling
behavior
D(x1, x2, z : x1 + r, x2, z) ∝ ln r,
D(x1, x2, z : x1, x2, z + r) ∝ r, (18)
as demonstrated in Fig. 7. These scaling behaviors agree
with the geometry of a three-dimensional hyperbolic
space H3, which corresponds to the AdS3 spacetime un-
der the Wick rotation of the time dimension. This indi-
cates that the emergent bulk geometry is indeed hyper-
bolic at the classical level.
Our result demonstrates that the Luttinger liquid CFT
can be approximately dual to a massive scalar fields on
AdS3 background geometry. The duality is only approx-
imate because we have assumed a classical geometry in
the bulk, ignoring all the gravitational fluctuations. In
AdS3/CFT2 correspondence, the bulk gravitational cou-
pling GN = 3`/2c is inversely proportional to the cen-
tral charge c of the CFT.[63] The Luttinger liquid CFT
has a relatively small central charge c = 1 and hence
a large gravitational coupling in the bulk, so we should
not expect a classical dual description. It would be more
appropriate to consider holographic CFTs which admit
classical duals. However, our current method only ap-
plies to lattice field theories of bosons with explicit action
functionals, which prevent us to study interesting holo-
graphic CFTs. Generalizing the neural RG approach to
involve fermions and gauge fields and to work with con-
tinuous spacetime will be important directions for future
development.
V. SUMMARY AND DISCUSSIONS
In conclusion, we introduced the neural RG algorithm
to allow automated construction of EHM by machine
learning instead of human design. Previously, the EHM
was only designed for free fermion CFT. Using machine
learning approaches, we are able to develop more general
EHMs that also apply to interacting field theories. Given
the QFT action as input, the machine effective digests
the information contained in the action and encode it
into the structure of the EHM network, which represents
the emergent holographic geometry. Our result provides
a concrete example that the holographic spacetime geom-
etry can emerge as the optimal generative network of a
quantum field theory.[64] The obtained EHM simultane-
ously provides an information-preserving RG scheme and
a generative model to reproduce the QFT, which could
be useful for both inference and sampling tasks.
However, as a version of EHM, our approach also bares
the limitations of EHM. By construction, the bulk geom-
etry is discrete and classical, such that the model can
not resolve the sub-AdS geometry and can not capture
gravitational fluctuations. Recent development of neu-
ral ordinary differential equation approaches[65–67] are
natural ways to extend our flow-based generative model
to the continuum limit. Continuous formulation of real-
space RG has been discussed in the context of gradient
flows[68–70] and trivializing maps[71], where the RG flow
equations are human-designed. Our research may pave
way for machine-learned RG flow equations for contin-
uous holographic mappings. Our formalism also allows
the inclusion of gravitational fluctuations in principle, by
relaxing optimization to allow superposition of different
EHMs. Our analysis indicates that the fluctuation of
neural network parameters is related to the bulk gravita-
tional fluctuation. The machine-learned EHM provides
us a starting point to investigate the corrections on top of
the classical geometry approximation, which may enable
9us to go beyond holographic CFTs and study the quan-
tum gravity dual of generic QFTs. Another feature of
EHM is that it is a one-to-one mapping of field configu-
rations (operators) between bulk and boundary, while in
holographic duality, a local bulk operator can be mapped
to multiple boundary operators in different regions. A
resolution[72, 73] of the paradox is that the non-unique
bulk-boundary correspondence only applies to the low-
energy freedoms in the bulk, which can be encoded on
the boundary in a redundant and error-correcting man-
ner. The bidirectional holographic code (BHC)[74, 75]
was proposed as an extension of the EHM to capture
the error-correction property of the holographic map-
ping. Extending our current network design to realize
machine-learned BHC will be another open question for
future research.
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Appendix A: Minimal Bulk Mutual Information Principle
The maximal real-space mutual information (maxRMI) principle proposed in Ref. 37 and 45 aims to maximize the
mutual information between the coarse-grained field and the fine-grained field in the surrounding environment at a
single RG step. In this section, we show that the maxRMI principle can be derived from our minimal bulk mutual
information (minBMI) principle under certain assumptions.
ζC
ϕA
ϕA′ζA
ϕB
ϕB′ ζB
UV
IR
G
-1 G
1
FIG. 8. Functional dependence of variables in the neural-RG network. Each block represents a bijective map.
Let us set up the problem based on Fig.8. Assuming φA and φB are field configurations in two neighboring regions
A and B in the UV layer. Under one step of the RG transformation, φA gets mapped to the coarse grained variable
φ′A and the bulk variable ζA, and the mapping is bijective. Similarly, another bijection takes φB to φ
′
B and ζB .
Eventually, φ′A and φ
′
B will be mapped to the bulk field ζC in deeper IR layers. Therefore the random variables
appeared in Fig. 8 are related by the following bijections fA, fB , fC as
(φ′A, ζA) = fA(φA), (φ
′
B , ζB) = fB(φB), ζC = fC(φ
′
A, φ
′
B). (A1)
What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,
min I(ζA : ζB) + I(ζA : ζC) + I(ζB : ζC). (A2)
Ref. 37 and 45 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as φ′A) and its environments (such as φB),
max I(φ′A : φB). (A3)
We can show that the objective of the maxRMI in Eq. (A3) is consistent with the objective of the minBMI in Eq. (A2)
in the limit of UV-IR decoupling.
The minBMI principle aims to minimize mutual information among all bulk variables, both between different RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at different RG scales. In our setup, this corresponds to
I(ζA, ζB : ζC) = 0, which factorizes the joint probability p(ζA, ζB , ζC) = p(ζA, ζB)p(ζC) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across different RG
scales vanishes I(ζA : ζC) = I(ζB : ζC) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (A2) to
min I(ζA : ζB). (A4)
In this UV-IR decoupled limit, we can prove that max I(φ′A : φB) and min I(ζA : ζB) are equivalent.
The proof starts by considering the mutual information between φA and φB . We can see that
I(φA : φB) = I(φ
′
A, ζA : φB)
= I(φ′A : φB) + I(ζA : φB)
= I(φ′A : φB) + I(ζA : φ
′
B , ζB)
= I(φ′A : φB) + I(ζA : φ
′
B) + I(ζA : ζB)
= I(φ′A : φB) + I(ζA : ζB).
(A5)
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Here we have used the bijective property of fA, fB , fC to obtain I(φA : φB) = I(φ
′
A, ζA : φB), I(ζA : φB) = I(ζA :
φ′B , ζB) and I(ζA : ζC) = I(ζA : φ
′
A, φ
′
B). In the UV-IR decoupled limit, I(ζA : ζC) = 0, so I(ζA : φ
′
A, φ
′
B) = 0, which
further implies I(ζA : φ
′
A) = I(ζA : φ
′
B) = 0. With these relations, all steps in Eq. (A5) are justified. On the left hand
side, I(φA : φB) is determined by the field theory in the UV layer, which can be treated as a constant. For the given
amount of information between regions A and B, Eq. (A5) tells us that I(φ′A : φB) and I(ζA : ζB) are competing for
information resources. Therefore maximizing I(φ′A : φB) is equivalent to minimizing I(ζA : ζB).
We can apply this argument layer by layer. Then to achieve the objective of the maxRMI principle, we need to
minimize mutual information among bulk variables in the same RG scale, which is precisely the statement of the
minBMI principle when restricted to each layer. In this sense, the maxRMI and minBMI principles are consistent.
However, the minBMI principle actually relaxes the assumption that bulk variables at different RG scales are fully
decoupled. Instead, we want to minimize mutual information among all bulk variables, including those across the
scales. In this sense, the minBMI principle is more general than the maxRMI principle.
Appendix B: Design of Bijectors
We designed a set of symmetry-persevere bijectors to making sure that U(1) symmetry of the boundary is preserved
at each bijector. For the generative process, at each RG step, it takes the four complex degrees of freedom and they
go through three layers of bijectors: S, O, and A.
I. Scaling layer(S): At scaling layer, each complex variables φi is multiplied by a factor eλi . The inverse and the
Jacobian of this transformation can be obtained easily.
II. Orthogonal transformation layer(O): The orthogonal transformation in disentangler and decimator is in
general an O(4) transformation. In stead, we implemented it by stacking multiple O(2) transformations. In Fig. 9(a),
each blue block represents the matrix:
Mblue(θi) =
(
sin θi cos θi
cos θi − sin θi
)
, (B1)
and the orange block in Fig. 9(b) represents the matrix:
Morange(θi) =
(
cos θi − sin θi
sin θi cos θi
)
. (B2)
θi in those blocks are training parameters. The arrangement of the type I and type II blocks are such designed that
when Mblue(θi = pi/4) and Morange(θi = 0) the network reproduces the ideal EHM originally proposed in Ref. 13. We
initialize the parameter to this ideal limit.
θ0 θ1
θ2 θ3
θ0 θ1
θ2 θ3
Type one block Type two block
Type two block Type two block
Type two blockType one block
GG − 1
GG − 1
Decimator Disentangler
FIG. 9. Orthogonal transformation.
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III. Non-linear layer(A) For non-linear part, we use the amplitude hyperbolic functions for complex field φi. In
coarse-graining direction, it acts in the following,
Re(ζ) = sinh |φ|Reφ|φ| ;
Im(ζ) = sinh |φ| Imφ|φ| .
(B3)
The corresponding inverse and Jacobian can be calculated easily.
Appendix C: Neural Network Training
All the training parameters of our neural RG network are contained in scaling bijectors and orthogonal transfor-
mation bijectors as illustrated in Appendix B. We imposed translation invariance of our network at each layer, due
to translation invariance of the system at each energy scale. The total number of training parameters scale with
O(log(N)), where N is the size of boundary theory. The prefactor depends on the depth of bijector neural networks.
In our case, the total number of training parameters are 24 log2N . In order for faster convergence of the training, we
first set learning rate for parameters contained in scaling bijectors as 10−2, and gradually reduce it to 10−4. And the
learning rate for parameters contained in orthogonal transformation bijectors is always 10−4.
Appendix D: Monte Carlo Sampling Efficiency
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FIG. 10. MCMC result.
We tested numerical efficiency of our method by comparing convergence rate between Hamiltonian Monte
Carlo(HMC) on the boundary system, and HMC in the bulk system. Both method are implemented using Ten-
sorFlow probability API with same parameters. The result is shown in Fig.10. As we can see, the HMC in the bulk
system converges faster than the HMC on the boundary system.
Appendix E: Design of the Correlated Gaussian Prior
In finding the effective bulk field theory, we assume the bulk field is very massive. Under this assumption, higher-
order interaction terms are irrelevant. Therefore, we use a correlated Gaussian distribution with positive definite
kernel matrix K as our effective bulk field theory. We also assumed locality of our effective bulk field theory, which
means Kij is non-zero if and only if ζi and ζj are nearest neighbors in the bulk, including neighbors inter-scale and
intra-scale. To further reduce the fitting parameters of matrix K, we also imposed translation invariance of the bulk
field at each scale. This is reasonable, because our RG scheme also has the translation invariance at each scale.
To ensure matrix K is positive definite, we decomposed matrix K into a set of positive semi-definite matrix and a
mass term. Particularly,
K =
∑
〈ij〉
λij(|i〉〈i|+ |j〉〈j| − |i〉〈j| − |j〉〈i|) +mI, (E1)
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where I is the identity matrix, and λij and m are positive numbers. This ensures matrix K we constructed is positive
definite.
